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A DEFLECTION EORMULA 3P0E SINGLE-SPAN BEAMS 01 
CONSTANT SECTION SUBJECTED 50 
COMBINED AXIAL AND TRANSVERSE LOADS 
By Walter ff. Btirke 

SUMMARY 



In this paper there is presented a deflection formula 
for Bingle-apan beams of constant section subjected to 
combined axial and transverse loads of the types commonly 
encountered in airplane design, The form of the equation 
is obtainable by dimensional analysis* Tables and curves 
of the nondimensional coefficients are appended to facili- 
tate the use of the formula* 

The equation is applied to the determination, of the 
spring constant of a beam. Tables and curves are present- 
ed to show the variation of the spring constant with 
changes in the axial load and position along the beam. 



INTRODUCTION 



In reference 1 deflection formulas are presented for 
b ingle- span beams of constant section subjected to axial 
compression, and transverse loading* These formulas are 
considerably different for the various loading conditions 
treated and must be altered when the axial load is tension. 

The purpose of this report is to present a simple for- 
mula that includes all the above-mentioned cases of ref- 
erence 1 and is valid when the axial load is either ten- 
sion or compression. 

In reference 2 is presented a detailed study of the 
interaction between a lift strut and a wing spar when con- 
nected by a jury strut. Therein the authors state, "It 
would be very interesting to make a general study of the 
effect of varying the axial load upon the sign and magni- 
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tu.de of the spring constant . . . In reference 2 the 

term "jury strut" is applied to a member whose primary- 
function Is to provide an elastic support to a lift strut 
at some intermediate point and thereby to increase the 
critical load of the lift strut. 

The deflection formula derived in this report makes 
it possible to make the suggested study and to show very 
clearly the effect of changes In the axial load. The gen- 
eral deflection formula presented herein is derived by the 
strain-energy method of analysis which is believed to lead 
to a more simple form of solution. A comprehensive treat- 
ment of this method has been presented by Timoshenko. (Sne 
reference 3.) 



DT3HI VATION Off EQUATION FOE BEAK DEFLECTION 



The following derivation applies to the case of a 
single-span beam of constant section subjected to tho com- 
bination of loadings shown in figure 1. The- loads, mo- 
ments* and deflections are shown in the positive direc- 
tions. The conventions adopted here are such that positive 
lateral loads and positive end moments produce positive de- 
flections; al30 positive axial load increases deflections. 
It should be noted that these conventions differ from 
those of reference 1, 

The deflection curve of the beam may be obtained by 
the addition of simple curves of sinusoidal form having 
different amplitudes and frequencies so that 

i "n* , 2 tt x . . 2 nnx 

I - a x sin -y + ag sin -y- + . . . + a n sin — f— \1) 

In order that this expression may exactly represent 
a particular deflection curve at every point of the beam, 
an infinite number of terms are, in general, required. 
Therefore the expression 

y = E a n sin SIIS ( 2 ) 

may be made to represent any deflection curve for a sin- 
gle- span beam by adjusting tho values of the coefficients 
a n . In order to evaluate the coefficients a n , the 
changes of energy of the external loads and of the beam 
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due to "bending are determined for a small change da n in ' 
any one of the coefficients a a . Tot equilibrium, the 
changes in energy of the external loads must he equal and 
opposite to the change in internal energy of the "beam* It 
is therefore necessary to find the" energy changes during a 

small displacement da^ sin from the equilibrium posi- 

tion. During this small displacement the . increase in en- 
ergy of the "beam due to bending is. n* 4a n (refer- 
ence 3, pp. 417-422), 

Tho work done by the axial force P is 

The work done by the load W is 

_ . nrrd 
Y! dan sin 

The intensity of the trapeaoidal loading is 

w 0 + cx 

where c is the cihange in the intensity of loading per 
unit length of span. The work done by that loading is 

ottx 



J 1 (w 0 + cx) da n sin dx 



= [*sl „ Sal (~i) n - iL dan 
[_nTT n-rr x nrr J 



The rotations of the ends of the beam are 



d (da n Bin 



and 



dx 

d (da n sin *f£\ 



_ x=o 



nn _ 



dx 



at x = o 



= 3f (-l) n da n at x = I 



During these rotations the work done by the end moments 
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li, and H a la 



^ *f - M 3 flf (-l) n J da n 



Then the work done "by the external foroes is equated 
to the change in bending energy of the "beam, the following 
equation for a n is obtained. 

a n = — (yM (n-rr) - — (nn cos nn) + 

tt P n 3 (n s - a) [V. 1 / 1 

, . / 1 co s" wf\ > , 2X /cob' mr\ , _ . rnrd j , . 



where a 



( rf 3 1 T\ P 



5- (*) 



and P e is the critical 3uler load for a pin-ended column 
of length I and Vending rigidity SI. The axial load, P, 
is positive when it is compression and negative when it is 
tension. By definition, a has the sane sign as P. Vhon 
the foregoing value of is substituted in equation 

(2) , the expression for the deflection curve becomes 

y = I JV (^-)+7 <w 0 l)+e (ol S )+(? 1 + V s ) ffj (5) 

The coefficients {3, 7, 8, €,JP7, and 9a vary in form 
with changes in the sign of a. It is more convenient if 
those coef f-icionts are replaced by the coefficients £, 7 , 
8, €, $>! , and q> a in which 

£ = I. 1 = X. etc. 
F P P P 

where P is the absolute value of P and a is replaced 
by its absolute value a. In order to differentiate be- 
tween compression, Ltnis ion, and no axial load the coeffi- 
cients - P, 7, etc., arc givon tho subscripts c, t, and o. 
Equation (5) may then be written as 



y = 



p 1 [ ? ( > Ct) + *( ) (r) + 8 c > 

+ e { j (cl a ) -M<P l( ) + <P a ( )) wj 



(Da) 
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Then the axial load is compression or tension, use the co- 
efficients with subscripts c and t f respectively. 
When there is no axial load replace P by P e and use 

the coefficients with subscript o. Tor axial compression, 
denoted "by subscript c, 



2a I 



\ slnCyeTTt) ^ 1> J 



_arY 00 cos(nTT) sin 5 ? x - 

7 = - £ -_ — : ^ L_ 

c " n=i n(n s - a) 



x Bin 



l BinC/arT) 



2a 00 (l - cob xm) sin 
c ^ n=*i n 3 (n a - a) 



l^r;vr V + — — ^ — 77="— 

^ tt a cos(ya g-j 



aa 07 cos utt sin 
e _ y I 

° " " tP" „=i n 3 (n 3 - a) 



fx Sln ^ ') l x ,x xfM 
lT?"a L r " slnC/arT) J 6a " i*J S 

(Dr. Eaplan of thiB Laboratory as-slated in the 
evaluation of the foregoing infinite series) 



„4„ pttx . mrd 
co sin —j — sin — - 



and (p x + <P 3 = ^ 2 zir7-3 

c 3 c tt n=1 n 3 (n 3 - a) 



wnere 



op = ft ~ ?\ - c obC^^ottCu - -1)3 1 
where u = (4 - f ) 

and , 3c = ~ {| (i - 1) - yjjfti;^} 



where 
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For axial tension, denoted by subscript t, a is noga- 
tive and "the coefficients take the following forms. 

..sinhf/an (l - f)\ ^ 

>*•-{ .L,^ -f» 



sinh WOrr) 



x 



sinh 



^ sinh Cs/octt) 



St = 



,V«.^ ^ 2 s i ^G5li) 9iah ^H 1 - 

sina^yarr f)" 



sinh Ov/orr) _ 



r.a M i 3 / / 



where 
and 

where 



Ml/ 

q> = /I d _ lY+ coshE^rT (v - 1)3 \ 
3 t- 13 \ 3/ 2^r sinh 0/ott) r 

'-(*♦!) 



•Then there is no axial load, replace P "by P e , in equa- 
tion (5a), and use the coefficients with subscript ssoro, 

e° - "i v C 1 - f ) ( 2 - f ) 
- f H 1 - 0$ 

'0 = ^K?)-10(f)%3( ? ) 6 } 
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_s /_L , si + si „ si\ 

" 190 12 T 12 48/ 

<f-!) 

~ " W ~ 12 + 12 ** 48 / 

CM) 

Ihe foregoing coefficients are given in tables I to 
17 and figures 5 to 16 for the range likely to "be encoun- 
tered in airplane design. 

Then more than one concentrated load acts on the beam, 
the deflection formula becomes 

+ e ( ^ (cl a ) + S (<?!() + <P a ( )> * I (6) 



where u = 



<Pa 

o 



where v = 



where the summation sign Indicates that there must be one 
term of that form for each concentrated load. When the 
value b of cp x and cp 3 are being chosen, the following 

rule must be observed* If the point whose deflection is 
being determined lies to the left of the concentrated load 
being considered, use the values of * and ^ as in the 

derivation. When the deflection Is being determined for a 

x d 

point to the right of the load, however, replace v; and 
by ^1 ~ ^ and ^1 - ^\ respectively, in computing u 
and v. 

An Inspection of the curves and tables shows that 
when the axial load is compression the deflections become 
excessive as a approaches unity, even for small lateral 
loads. A comprehensive treatment of critical loading con- 
ditions is given In reference 2« 
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DETERMINATION OF SPRING' CONSTANT 



The spring constant of a beam at any point is definod 
as tho lateral force required at that point to produce unit 
deflection of that point. The spring constant K may ho 
dafined (fig. 2) mathematically as 



z 

Equation (5a) nay bo applied to figure 2 and is re- 
ducible to, the form 

r e 

3Por axial compression 

<o = -l(!)0-!) 

V^TT {oOsC/CCrT (~ - l)] - COB ( </oCTT)} 

^ 2 <x s tt S sin C/~&n) ~ 

and for axial tension 

£ * - S GO C 1 - f ) 

y'ccfT { cosh [ ,/ rcrr ^ , r oosh (/S^) j. 
2 a a tt 3 sinh (/arc) 
TFhen thore is no axial load present 

' c - id afrfs _ ^ 

Therefore, the spring constant K may be written as 

(9) 

where K. = — 

1 i 
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or, in the alternative form, which may he more convenient 
at times 

. K = Z 3 f (10) 



where E- = ■ 

^ a £ 

The values of £ t K i » K a are presented in tables V 

to Till and in figures 17 to 24. 

The effect of changes in axial load upon the sign and 
magnitude of the spring constant' may he seen by an inspec- 
tion of curves of X x against a for various positions 
along the span. 



PRACTICAL APPLICATIONS 



Equation (6) may readily he used in preliminary or 
final design to compute the deflections of beams of con- 
stant section subjected to combined axial and transverse 
loads* Its form is simple and the tables and charts re- 
duce the amount of computation to a minimum. It may also 
be used to compute the additional deflections and from 
them the additional bending moments due to the load in a 
jury strut. 

When the deflection of any point on a beam is known, 
the bending moment at that point may be written as 

M = M 0 ±Py 

where M 0 is the bending moment at that point neglecting 
the effect of beam 'deflection and ±Py is the bending mo- 
ment due to the axial load P and the beam deflection y 
at the point. Equation (6) may be used to determine the 
value of y for the cases treated in this note. 

Equation (10) has a special significance in jury- strut 
problemst In reference 2, equations are given for the re- 
quired minimum value of the spring constant of a lift strut 
for various conditions. A lift strut will have minimum 
weight when its value of <x is so chosen that it just de- 
velops the required spring constant. The tables and 
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.curves computed from equation (10) enable the designer to 
select the lightest strut for any particular case. 



Langley Memorial Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley yield, Va. , July 15, 1935. 



APPENDIX A 



In order to demonstrate the application of the gener- 
al equation fro a specific case, the following problem, is 
considered. Referring to figure 3, let it be required to 
determine (a) the deflection of point A due fro the exter- 
nal loads, exclusive of the reaction of the jury strut 
(AB) , (b) a suitable lift strut, and (c), the supporting 
force on the spar. 







Spar 


Strut 






+33..300 in. -lb. ■ 


0 






0 


0 


p 




E&70 lb. tension 


5,450 lb. compression 


i 




150 in.* 








G.30 


0.30 


E 




1,300,000 Ib./sq.in. 


38,000,000 lb./sq.in. 


*e 




S.88 X 1300000 X 150 
(150 ) a 


85500 lb. . 


a 




P 5170 

P Q " &5600 = °'° 604 








w o 




-10 lb. /in. 





(a) The deflection at point A, due to the external 
loads exclusive of the jury-strut reaction, is given by 
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= 5if| [(0.0335) ( +3 igg°) + (0.0059) (-10 X 150)] 

= -0.041 in.- 
P t from figure 7; 6 t from figure 10 
("b) Prom figure 3 

The spring constant of the spar at point A is (equation 
(9)) 

P a 85600 
*x t T = 7 " 2 "150- = 

(K x from fig. 23) 

In the notation of this paper the maximum allowable nega- 
tive value of the spring constant of the lift strut 1b 
(reference 2, equation (22)), 

- K (spar) coa3 ^ = *( strut) 
K (strut) = -UtHO) (0-9) = -3,700 
and from equation (10) 

. -3700 X 153 .11 w 
(K 3 ) Btrut = gjgg -107.3 

Trom figure 23 it may be seen that for = 0.3 the maxi- 

mum allowable value of a for the strut lies between a = 
3.18 and a = 3.20. If a strut be chosen with this value, 
it will be in a condition of indifferent elastic stabili- 
ty, lor positive stability "the strut chosen should have 

a value of K_ algebraically greater than -107.3. The 

a c • 

optimum strut will, in general, have a value of Z_ given 

a c 

by the point on its curve at which the slope begins to 
change rapidly. (See reference 2.) In this example the- 
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optimum strut is at a = 2«8, approximately, at which 

K s = - 10.5. Then this value of" a= 2.8 has been chosen, 

the moment of -inertia of the stmt is obtained from 



= JcL Z = (158. ll) 3 x 5450 

TT 3 B a (9.88) (28000000) 2.8 



X ZJLZZ. = 0.176 in* 



(c) The corrected value of the spring constant of 
this strut is (reference 2, equation (22)) 

5450 1 

K 3 lseTTT x 6T9 ( " 10 - 5) - - 402 

In the notation of thi-ff paper the supporting load on the 
spar is (reference 2, equation (9)) 

w Z (bv&t) g ( strut) y A 

E (spar) + S ( strut) 

The minus. sign in the foregoing- equation indicates that 
the supporting load acts in the same direction as the lat- 
eral load. 

APPENDIX B 
Beams with Be strained Ends 



In the derivation of equation (6) the values of H x 
and ll s were assumed to be known. It is possible, howev- 
er, to apply the general equation to the solution of prob- 
lems in which the end moments must first be determined. 

Let it be required tc determine the moments i£j, and 
for the problem in figure 4. 

The defleotion at any point is 

y = P [" ^ P ° " ^" 7c + 8 ° Uo l) ] 
The slope at any point is 



dy 
dx 
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_ i f ^ ape « 3 *r c ; a6 c i 

" P |_" i dx " 1 6bc + U d3: J 



The end moments are equal due to symmetry and, since the 
slopes at the ends are zero, 

dSp 

K x = M a = U = w 0 l a d p p * &7c 

dx dx 

A. close approximation may be obtained "by substituting 

£§' and si for f§. and H' respectively, the 

values of the former being readily obtainable from tables 
I and II. When the values thus obtained are substituted 
in the preceding equation, 

0.0203 



1£ = w n l S = 0.0934 w 0 I 3 

0 0.1283 0.0893 ° 

0.05 0.05 

In reference 4, equation (6.126), the exact solution 
for this case yields the result 

U = 0.091 w 0 X a 

More complicated loading conditions, for which the 
exact solution is not available, may be salved with equal 
ease and accuracy. 

APPENDIX 0 



.Many instances occur in structural engineering in 
which continuous loading occurs over only a part of the 
span. JL very close approximation of the deflections due 
to such a load distribution Is obtainable by the use of 
equation (6). The following example will demonstrate the 
method of solution. Let it be required to determine the 
deflection at point B of the beam loaded as shown in 
figure 4a. The lateral load may be replaced by a number 
of small concentrated loads of magnitude w dx, where w 
varies from w Q to 2w Q , and the deflection at point B 
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obtained as a sum of the deflections due t'o the small con- 
centrated loads " w dx. ffher, a concentrated load t dx is 
acting on the beam, let the beam deflection bo designated 
dy. Then from equation (6) 

ay = i (9 1 + <P a ) w a* 

re c 
x=o. el 

and y = - / (m + q> ) * da: 

x=o.*l -"-c c 

= |{/. («? x +9-) w dx +/ , (c^ + q> )w dx } 



If it were possible to express <p x , <P 3 » and w in 

c o 

terns of x the value of y could be accurately deter- 
mined. This procedure, however, is usually either too 
difficult or impossible. A very close approximation may 
be obtained by substituting Ax for dx and- replacing the 
integral by a summation of a finite number of terms. 

At point JL 



u - 


C 1 - 


f)- 


C 1 - 


t / 


( See p. 10. ) 




(1 - 


0.4) 


- (1 


-0.5) 






0.1 












( X " 


*)* 


0- 


TJ 


(S-je p. 10.) 




(1 - 


0.4) 


+ (1 


- 0.5) 






1 . 1 











Sea table IV for value of 9i c and <p 3 

cp lc = 0.2309 

tp 3c = C.0591 

<?i c + «Pa c = 0.2900 

(<Pi c + { Pa c ) » = 0.2900 w Q 
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At point B 

u = (1 - 0.5) - (l - 0.5) = 0 

v =-- (1 - 0.5) + (1 - 0.5) = 1.0 

<P, = 0.2400 

c 

q> a = 0.0659 

c 

<Pi c + <Pa c = 0.3059 



(?i + <P 3 ) » = 0.3059 (1.5 w Q ) = 0.4589 v 0 
At point "0 

* = f (Soo p. 10.) 



= 0.6 - 0.5 =0.1 



v = 4 + £ 



= 0.6 + 0.5 = 1.1 



<P, = 0.2309 

<p a = 0.0591 

9. + <P a „ = 0.2900 

+ <P a ) w = 0.2900 (2 w Q ) = 0.5800 w 0 
In tnis illustrative proolom, let Ax = 0.11 
/"^V + <p 3 ) w dx = 0.2?00 I 0.45 69 Wq (0 . U) . 

3C= 0-4l lc c 

— 0.0H75 w Q l (approx.) 

s^o.el 0.4589 + 0.5800 _ , ... 

j (q^ + 9 a ) w dx = o T o VO. 11) 

x=o.sl c c 

=■ 0.0520 w 0 l (approx.) 
TiierefOi'e the approximate deflection of the beam at point 
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B ia given "by 



y = |- jo.0375 w 0 l + 0.0520 w 0 l| 



w.l 3 

= 0.0895 -2 



If less accuracy ia sufficient the trsp~eaoidal load- 
ing in figure 4a may "be replaced by a ainglo concentrated 
load of magnitude 

1.5 w 0 (0.21) = 0.3 w 0 l 

located at the centroid of the trapezoid. The centroid ia 
located at 

x = 0.41 + 0.556 (0.21) = 0.51121 0.51 (appro*. ) 

Prom equation (8) and table 7 the deflection at point B ia 
given by 

let _ % w 0 l s 



y = -p" (0.3 w 0 l) (0.5098) = 0.0918 -f- 
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3.871 
u 6.686 
U.BB 


0.0386 
.0087 
.1093 
.UBL 
.8071 
.8867 
.SSBB 
.4168 
.61X4 
■8861 
.7881 
.9488 
1.186 
1.471 
1.893 
8. 688 
6.891 
1 6.713. 
18.06 


0.0818 
.0868 
.1000 
.1491 
.1996 
.8871 
.8810 
.4086 
.4968 
.8073 
.7448 
.9188 
1.139 
1.439 

I. 886 
8.477 
8.BBB, 
6.617 

II. 91 


0.0898 
.0618 
.0986 

.Moa 

.1878 
.8484 
.BOOB 

.Boos 
Ibtbb 

.7068 
.8718 
1.084 
1.889 
1.768 
8.380 
3.177 
8.389 
11.46 


0,0867 
.0886 
.0904 
.1886 
.1788 

'.OBU 

'.Kit 
.6638 
.8068 
1.006 
1,871 
1.644 
8.800 
8.108 
6.038 
10.71 


0.0836 
.0804 
.0808 
.1MB 
.1640 
.1998 
.8818 
.3138 
-STB 
.4789 
•0006 
.7884 
.0044 
1.146 
1.488 
1.988 
9.848 
4. BBS 
9.708 


0.0804 
.0434 
.0880 

ilBST 
.1717 
.8173 
.8711 
.3360 
.4187 
.6060 
.6887 
.7646 
.9947 
1.889 
1.734 
8.470 
3.976 
6.478 


0.0167 

.0888 

..0818 
.1080 
.Mil 
.1788 

.'areo 

.3408 
.4101 
.8X91 

.8884 
1.067 
1.436 
8.066 
8.808 
7.040 


0. 0188 
.0878 
.0436 
.0681 
.083* 
.1081 
.1118 
.1711 
.8117 
.8611 
.3816 
.4100 
.4984 
.6388 
.0914 

1.108 

1. BBB 
8.843 
6. 433 


0.0066 
.0184 
.0894 
.0490 
.0664 
.0731 
.0948 
.1188 
.1484 
.1788 
.8188 
.8706 

■ 6B74 
.76M 
1.077 
1.730 
3.607 


0.0043 
.0003 
.0348 
.0818 
.0866 
.0869 
.0468 
.0084 

' .0780 
.0693 

,1m 

.1868 
.1708 
.8171 
.8818 
■ 3798 
.0440 
.8768 
1.871 


O.OB 
.10 
.16 
.80 
.86 
.80 
.36 
.40 
.46 
.60 
.86 
.00 
.66 
.70 
.76 
.60 
.86 
.90 
.96 

1.00 






















• of ^ 


■MT t 




















0. 08 
.10 
.18 
.80 
.80 
.80 
.86 
.40 
.46 
.00 
.BE 
.80 
.88 
.TO 
.TB 
.80 
.88 
.80 
.06 

1.00 
1.88 
1.80 

1. re 

8.00 


O.O0T4 
.0141 
.0807 
.0868 
.0884 
.0861 
.0453 
.0484 
.0688 
.0878 
.0888 
.086B 
.0106 
.0748 
.0788 
.0081 
.0887 

!o980 
.0881 
.1U4 
.1381 
.1877 
.1498 


0.0188 
.0BB1 
.0881 
.0488 
.0886 

loTOB 
.0878 
.0668 
.1048 
.1188 
.1180 
.1870 
.1840 
,.1408 
.1470 
.1688 
.1888 
.1668 
.1700 
.1887 
.8188 
.8406 


0.01S8 
.0889 
•OBEL 
.0678 
.0818 
.0047 
.1074 
.1184 
.1807 
.1434 
.1618 
.1618 
.1710 
.1803. 
.1887 
.1871 
.8088 
.8188 
.8806 
■8878 

lasso 

.8141 

.use 


0.0888 
.0487 
.0688 
.0816 
.0984 
.IMS 
.1884 
.1483 
.1670 
.1666 
.1817 
.1888 
.8048 
.8145 
.8845 
.8848 
.8484 

.8008 
.8681 
.3080 
.8376 
■8648 


0.0BBB 
.0488 
.0717 
.0880 
.1111 
.1880 
.MBS 
.1613 
.1730 
.1800 
.8038 
.SUB 
.8877 
.8380 
.8480 
.8608 
.8700 
.8780 
.8887 

• 80T4 
.8388 
■ 8000 

• HOT 
.4810 


o.oasa 

.0687 
■OTTB 
.0086 

.use 

.1669 
.1886 
.1738 
.1880 
•8086 

.am 

!S48B 
.8647 
■0660 
■9964 

IsOBB 
.3148 
.3638 
■8866 
.4133 
.48U 


0.08BB 
.0864 
.0818 
.1040 
.1860 
.1447 
.U8B 
.1800 
.1889 
.8108 
.8849 

.8607 
.8688 
.8787 
.8843 

.3040 

.am 

.3880 
.3608 
.8916 
.41TB 
.4894 


0.0608 
■OOTO 
.0887 
■10GB 
.1870 
.1468 
.1660 
.1831 
.1880 
• 8188 
.8867 
.8308 
.8881 
.8687 
.8740 
■BBBO 
.8849 
.3048 
.3180 
.SOB 
.8660 
•S8T4 
.4116 
.4316 


0.0800 
.0878 
.0888 
.1068 
.1860 
.1*64 
.1834 
.1901 
.1BEB 
.8098 
.8834 
.8891 
.8480 
.8091 
.8886 
•8794 
.8988 
•891B 

.son 

.3M0 
.8488 
.8784 
.8974 
.4186 


0.08B4 
.0889 
.0608 
.1083 
.1886 
.MIS 
.1884 
.1744 
.1891 
.8089 

.awT 

.8877 
■•0BO 
.8494 
.8633 
•9600 
•aTTfi 

•8080 
■0000 
•8606 
adofO 
•9168 
iWB 


0.0881 
.0684 
.0104 
.0974 
.1186 
.1848 
.1608 
.1864 
.1196 
.1881 
.8041 
.8168 
•8867 
.8364 
.8446 
.8630 
.8611 
.8886 
.8786 

'.tux 

.8386 
.3607 
• 8646 


0.0863 
.0498 
.0718 
.0908 
.1086 
.1849 
.MOO 
.1838 
.1066 
.1768 
.1888 
.1994 
.8088 
.8177 
.8860 
.8887 
.B410 
.8478 
.8640 
.8608 

.BOBL 
.3808 
.MM 


0.0889 
.0464 
.0660 
,0836 
.0988 
.1186 
.1878 
.1396 
.1611 
.1616 
.1714 
.1606 
.1890 
.1968 
.8041 
.8110 
.8176 
.8836 
.8891 
.8341 
.8666 
.8734 

•0008 


0.0813 
.0104 
.0077 
•0783 
.0878 
.1006 
.1188 
.1884 
.1834 
.1488 
.1818 
.1891 
.1668 
.1783 
.1TBT 
.1838 
.1918 
.1964 
.8018 
.8048 
.8848 
.8881 
■ 9499 
.8894 


0.0188 
.0646 
.0494 
.0688 
.0740 
.0680 
.0961 
.1064 
.1138 
.1817 
.1890 
.1867 
.1418 
.MTB 
.1889 
.1679 
.1686 
.1660 
.1710 
.1748 
.1806 
.8083 
.SUB 
.8188 


0.0M0 
.0883 
.0404 
•0013 
.0618 
.0108 
.0TO8 
,0880 
.0889 
.0888 
.1061 
.1106 
.1166 
.1801 
.1844 
.1808 
.1388 
.1366 
.1889 
.1480 
.1646 
.1888 
.1706 
.1768 


0.01M 
.0817 
.0808 
•0898 
.0486 
.0686 

.0866 
.0107 
.0766 
.0799 
.0641 
.0678 
.0913 
.0846 
.0876 
.1004 
.1080 
.1064 
.10TT 
.1MB 
.1840 
.1888 
.1380 


0.0077 
.014 T 
.0806 
.0864 
.OBM 
.0861 
.0406 
.0441 
.0477 
.0608 
.0666 
.0668 
.0861 
.OBM 
.0686 
.0688 
.0678 
.0688 
.0700 
.0784 
.0786 
.0888 
.0686 
.0888 


0.0088 
■0073 
.0106 
.0133 
.0168 
.0188 
.0806 
■0888 
.0839 
■08BB 
.0871 
.0884 
.0897 
.0309 
.0380 
.0930 
.0338 
.0348 
.0366 
.0384 
.0388 
.0417 
.0481 
.0446 


0.00 
.10 
.IB 
.80 
.80 
.80 
.30 
.40 
.40 
.80 
.80 
.60 
.68 
.10 
.TB 
.80 
.86 
.00 
.88 
1,00 
1.88 
1,80 
1.76 

a. oo 



K.A..O.A. Teotanloal Bote Ho. 540 18 



TABLI XX 





0.06 


0.10 


0.15 


0.30 


0.85 


0.80 


0.36 


0.40 


0.45 


0.60 


Values of e 0 


0 


0.0305 


0.0403 


0.0691 


0.0781 


0.0916 


0.1405 


0.1148 


0.1834 


0.1370 


0.1885 


Values of s 0 


0.05 


0.0011 


0.0031 


0.0031 


0.0040 


0.0049 


0.0066 


0.0060 


0.0066 


0.0087 


0.0088 


.10 


.0033 


.0045 


.0066 


.0086 


.0103 


.0116 


.0138 


.0136 


.0141 


.0143 


.16 


.0036 


.0071 


.0104 


.0134 


.0161 


.0184 


.0303 


.0816 


..0884 


.0384 


.80 


.0061 


.0100 


.0147 


.0191 


.0838 


.0861 


.0887 


.0306 


.0317 


.0333 


.86 


.0068 


.0134 


.0196 


.0354 


.0308 


.0348 


.0383 


.0408 


.0483 


.0480 


.30 


.0087 


.0173 


.0353 


.0336 


.0393 


.0447 


.0483 


.0585 


.0644 


.0561 


.36 


.0110 


.0316 


.0317 


.0410 


.0493 


.0668 


.0618 


.0659 


.0684 


.0693 


.40 


.0138 


.0368 


.0393 


.0608 


.0609 


.0697 


.0766 


.0816 


.0848 


.0858 


.46 


^0167 


.0338 


.0481 


.0633 


.0748 


.0855 


.0940 


.1003 


.1040 


.1063 


.60 


.0303 


.0401 


.0588 


.0780 


.0913 


.1044 


.1148 


.1835 


.1871 


.1887 


.65 


.0348 


.0490 


.0718 


.0639 


.1116 


.1377 


.1404 


.1498 


.1556 


.1674 


.60 


.0305 


.0601 


.0883 


.1143 


.1369 


.1567 


.1784 


.1838 


.1909 


.1931 


.66 


.0376 


.0744 


.1091 


.1413 


.1696 


.1839 


.8134 


.8377 


.8363 


•3393 


.70 


.0473 


.0935 


.1371 


.1773 


.3138 


.3438 


.3683 


.3868 


.8971 


.3008 


.76 


.0807 


.1199 


.1761 


.3377 


.3740 


.3138 


.3446 


.3677 


.3818 


.3865 


.80 


.0813 


.1699 


.3360 


.3038 


.8654 


.4178 


.4601 


.4908 


.6095 


.5168 


.88 


.1147 


.8365 


.3388 


.4305 


.6800 


• 6960 


.6518 


.6966 


.7383 


.7513 


.90 


.1830 


.3696 


.5379 


.6834 


.8317 


.9398 


1.035 


1.104 


1.147 


1.161 


.96 


.3840 


.7586 


1.114 


1.443 


1.736 


1.985 


3.186 


3.333 


3.438 


3.453 


1.00 


co 


03 


00 


00 


00 


CO 


CO 


00 


CD 


09 


Value* of «t 


0.05 


0.0010 


0.0019 


0.0038 


0.0036 


0.0044 


0.0060 


0.0055 


0.0058 


0.0060 


0.0081 


.10 


.0019 


.0037 


.0054 


.0069 


.0083 


.0095 


.0105 


.0111 


.0116 


.0117 


.15 


.0037 


.0053 


.0077 


.0099 


.0119 


.0137 


.0150 


.0160 


.0166 


.0168 


.80 


.0034 


.0068 


.0099 


.0137 


.0163 


.0175 


.0191 


.0304 


.0311 


.0314 


.35 


.0041 


.0081 


.0118 


.0153 


.0183 


.0309 


.0330 


.0345 


.0364 


.0367 


.30 


.0047 


.0094 


.0137 


.0176 


.0311 


.0341 


.0365 


.0383 


.0393 


.0396 


.36 


.0053 


.0105 


.0164 


.0198 


.0338 


.0371 


.0398 


.031? 


.0339 


.0333 


.40 


.0069 


.0116 


.0170 


.0318 


.0363 


.0898 


.0338 


.0349 


.0363 


.0367 


.45 


.0064 


.0186 


.0184 


.0338 


.0384 


.0334 


.0366 


.0379 


.0393 


.0398 


.50 


.0069 


.0136 


.0198 


.0366 


.0306 


.0348 


.0383 


.0407 


.0433 


.0487 


.56 


.0073 


.0144 


.0311 


.0373 


.0336 


.0371 


.0408 


.0434 


.0450 


.0455 


.60 


.0077 


.0163 


.0333 


.0387 


.0344 


.0393 


.0431 


.0468 


.0475 


.0481 


.65 


.0081 


.0160 


.0334 


.0303 


.0361 


.0413 


.0468 


.0488 


.0499 


.0506 


.70 


.0085 


.0167 


.0345 


.0315 


.0378 


.0430 


.0473 


.0503 


.0531 


.0538 


.76 


.0088 


.0174 


.0355 


.0338 


.0393 


.0448 


.0493 


.0583 


.0643 


.0550 


.80 


.0093 


.0181 


.0365 


.0341 


.0408 


.0465 


.0510 


.0543 


.0563 


.0670 


.85 


.0095 


.0187 


.0373 


.0353 


.0433 


.0481 


.0588 


.0561 


.0583 


.0589 


.90 


.0098 


.0193 


.0383 


.0563 


.0435 


.0465 


.0544 


.0579 


.0600 


.060? 


.96 


.0101 


.0198 


.0390 


.0374 


.0447 


.0510 


.0559 


.0596 


.0617 


.0635 


1.00 


.0104 


.0304 


.0398 


.0384 


.0459 


.0533 


.0575 


.0613 


.0634 


.0641 


1.86 


.0115 


.0337 


.0331 


.0437 


.0510 


.0561 


.0637 


.0678 


.0703 


.0711 


1.60 


.0135 


.0346 


.0368 


.0461 


.0653 


.0638 


.0688 


.0733 


.0759 


.0768 


1.75 


.0133 


.0861 


.0381 


.0490 


.0585 


.0666 


.0730 


.0776 


.0804 


.0814 


3.00 


.0139 


.0374 


.0400 


.0614 


.0614 


.0700 


.0765 


.0813 


.0843 


.0863 





0.00 


0.10 


0.10 


0.80 


0.86 


0.30 


0.88 


0.40 


0.40 


0.60 


0.66 


° M 1 


0.00 


|» 


0.76 


0.00 


0.88 


0.90 


0.06 


K 


Talnaa of Co 




0 


0.0096 |o.OU9 


0.08TB 


0.0068 |o.04BB 


O.OOOi|o.OGES 


0.0601 


0.0888 


0.0843 


0.0841 


0.0683 


0.0690 


0.0*1 


0.0478 


0.04a|o.06U 


0. OBM |0. 0109 


0 








TUOM of c„ 


O.OB 


0.0006 


0.OOU 


O.OOU 


O.OOU 


0.0088 


0.0087 


0.0080 


0.0088 


0.0084 


1.0088 


0.0038 


0.0088 


0.0031 


0.0088 


0.0086 


o.oou 


o.oou 


0.0010 


0.0008 


0.06 


.10 


.am 


.0081 


.0081 


.0041 


.0048 


.0086 


.0068 


.0067 


.0070 


.0071 


.0071 


.0060 


.0086 


.0088 


.0063 


.0046 


.0086 


.0088 


.0011 


.10 


.IB 


•001T 


.0003 


.0049 


.0064 


.0076 


.0009 


.0080 


.0106 


.0111 


.0113 


,aiu 


•OUO 


.0104 


.0090 


.0064 


.oon 


.0066 


.0888 
.0068 


■OOU 


.10 


.80 


.0084 


.0040 


,00T0 


.0091 


.OUO 


.OUO 


.01*0 


.am 


.0187 


.OUO 


.ouo 


.0108 


•OUT 


.0134 


.0119 


.0089 


.0077 


.0088 


.80 


•OB 


.0088 


.0064 


.0004 


.am 


MM 


.OUO 


.OUT 


■0801 


.0810 


•OSU 


•OBU 


.0807 


■OMB 


.00.78 


.0188 


.0188 


.0108 


.0070 


.0036 


.88 


.SO 


.0041 


.0008 


.0181 


.0107 


MX 


.osu 


.0841 


,0889 


,0870 


.0876 


.0974 


.0866 


.0868 


.0830 


.0803 


.008 


.0138 


.0090 


.0046 


.80 


.80 


.0086 


.0108 


,auB 


.0180 


.0866 


.0874 


.0906 


.0386 


.0340 


.0846 


.0348 


.0384 


.0310 


.0988 


.0884 


.OBU 


.0186 


.0)13 


.OOBB 

.oon 


.88 


.40 


.0006 


.0180 


.ouo 


.0846 


.0890 
.0884 


.0840 


.0876 


.0408 


.0481 


.0489 


.0487 


.04M 


.0880 


.0307 
.0437 


.0314 


.0883 


.0804 


.0140 


.40 


.40 


.0060 


.QUO 


.0868 


.0801 


,0418 


.0468 


.0407 


.OBIT 


.0686 


.0688 


.0607 


.0478 


.0884 


.0881 


.0849 


.can 


.0087 


.46 


.80 


.0080 


.0193 


.0866 


.0880 


.0446 


.0811 


.0860 


.0808 


.0888 


.0644 
.0766 


i .0838 
.0760 


.OBU 


.0684 


.0633 


.0469 
.0671 


.0398 


.0804 


.0908 


.0106 


.60 


.00 


.0090 


.0887 


.0840 


,04GB 


.0646 


.0886 


.0691 


.0741 


.0778 


.0768 


.0711 


.0849 


.0477 


.0300 


.0309 


.0188 


.68 


.00 


.onto 


.0808 


.0480 


.0866 


•0071 


.0770 


.0660 
.1064 


.0911 


.0080 


.0866 
.1188 


.0868 

.1168 


.0887 


.0878 


,0786 


.0889 


.0684 


.0466 


.OUT 


.60 


.86 


.0168 


.0868 


.0688 


.0601 
.0610 


.0686 


.0906 


.1189 


.1177 


.1MB 


.1078 


.0984 


.0868 


.0780 


.0069 

■0700 


.0881 


•0U3 


.66 


•TO 


.0881 


.0467 
.0668 


.0BT8 


J 040 


.1806 


■UBB 


.1481 


.1481 


.1004 


•1491 


.1441 


.1866 
.1788 


.1868. 
.1638 


.1083 


.0804 


.0478 


.0948 


.70 


• TB 


.0806 


.0006 


.ixn 


JSSl 


.1848 


.1709 


.1889 


.1004 


.1888 
.8877 


.UU 


.1849 


.UBB 


.1107 


.0896 


.0611 


•OSU 


.78 


.00 


.0800 


•OTBT 


.1166 


.M89 


.1800 


.8088 


■SflBfl 
.8870 


.9440 


.8669 


.8601 


.8488 


,88U 
. .8878 


.8106 


.1646 


.1087 


.1190 


.OBU 


.0411 


.60 


.80 


■0606 

.owe 


.1118 


.1644 


■SUL 


•BBBfl 




.8464 


.8608 


.3864 


•8BM 


.3408 


.8878 
■4T80 


.8609 


.8178 


.1661 


■IMS 
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.0203 


.0581 


.0934 


.1171 


.1256 


1.75 


.0220 


.0624 


.0997 


.1246 


.1332 


2.0 


.0238 


.0666 


.1054 


.1312 


.1400 
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TABLE VII 



V - " 
cc\f 


0.1 


0.2 


0.3 


0.4 


0.5 






Values 








u 


«57 . oy 


11.88 


6.892 


t>.<57 I 


4. 8 63 






Values 








0.2 


31.4*8 


9 « 7 56 




O. 090 


4.246 


3.902 


.4 


24.92 


7 . 553 




a n tzrt 
4.<Sb7 


3.201 


2.932 


.6 


17.66 


5.225 




<3 . 88a 


2.149 


1.962 


.8 


9.494 


2.724 




"1 A ft A 


1.083 


.984 


.9 


4.943 


1.393 




. 745 


.543 


.493 


.95 


2.523 


.704 




. 374 


.272" 


.246 


.975 


1.279 


.355 




■too 

. 188 


.136 


.124 


1.0 


0 


0 




0 


0 


0 


1.02 5 


-1.305 


-.359 




- . 189 


-.136 


-.123 


1.05 


-2. 646 


-.724 




-.379 


-.273 


-.247 


1.1 


- 5 . 429 


-1.468' 




- .764 


-.548 


-.494 


1.2 


-11.46 


-3.026 




-1 . 549' 


-1.101 


-.990 


1.4 


-26.08' 


_ A AO K 

— o . to O 




-3.196 


-2.225 


-1.987 


1.6 


-46.36 


-10 . 60 




-4.979 


-3.377 


-2.992 


1.8 


-78.25 


-15.80 




-6.951 


—4. 566 


-4.005 


2.0 


-141.4 


-22.88 




-9.210 


-5.800 


-6.027 


2.25 


-568.2 


-38.17 




-12.70 


-7.442 


-6.319 


2.5 


400.0 


-80.0 




-17.64 


-9.240 


-7.627 


2.75 




212.8 




-2 6.37 


-11.32 


-8.956 


3.0 








-51.95 


-13.95 


-10.30 


3.25 








292.4 


-17.99 


-11. 68 


3.5' 










-28: 00 


-13.08 


3.75 










165.6 


-14.52 


3.90 












-15.41 


3.95 












-15.67 


4.0 












-16.00 



Values of K x 



0.1 


40.32 


12.92 


7.619 


5.780 


5.336 


.2 


43.20 


13.88 


8.163 


6.297 


5.817 


.3 


45.81 


15.11 


8.795 


6.812 


6.301 


.4 


48.57 


15.87 


9.434 


7.321 


6.780 


.5- 


51.02 


16.81' 


10.04 


7.758 


7.252 


.6 


53.53 


17.76 


10.66 


8.326 


7.722 


.7 


55.99 


18.69 


11.27 


8.826 


8.197 


.8 


58.34 


19.60 


11.88 


9.328 


8.666 


.9 


60.72 


20.52 


12.47 


9.823 


9.141 


1.0 
1.25 


62.97 


21.42 


13.09 


10. 32" 


9.615 


68.59 


23.64 


14.58 


11,56 


10.80 , 


1.5 


73.96 


25.81 


16.05 


12.80 


11.95 


1.75 


79.68 


28.03 


17.54 


14.05 


13.14 


2.00 


84.17 


30.05 


18.97 


15.24 


14.29. 
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TABLE Till 





0.1 


0.2 


0.3 


0.4 


0.5 


Values of E 3C 



U » o 


X OO « O 


AO tO 

•ftp • to 


a f . po 


<SX »£jO 


1 O AO 


.4 


62.50 


18.87 


10.64 


8.000 


7.331 


. 6 


29.41 


8/711 


4.815 


3. 582 


3.269 


.8 


11.86 


3.405 


1.843 


1.354 


l f 230 


.9 


5.491 


1.548 


.828 


.604 


. 547 


.95 


2.656 


.741 


.394 


.286 


.259 


.975 


11312 


.364 


.193 


.140 


.127 


1.0 


0 


0 


0 


0 


0 


1.025 


-1.273 


-.350 


m 

-.184 


-.133 


-.120 


1.05 


-2. 520 


-.689 


-i361 


-.260 


-.235 


1.1 


-4.936 


-1.334 


-.694 


-.498 


-.449 


1.2 


-9.551 


-2.521 


-1.291 


-.918 


-.825 


1 A. 
1.4 


— 1 o • oa 


— 4r. OOjO 




—x. Do a 


— X . 413 


1.6 


-28.99 


-6.627 


-3.111 


-2.111 


-1.870 


1.8 


-43.48 


-8.780 


-3.862 


-2.537 


-2.225 


<S « <J 


-70.92 


-11.44 


-4.604 


-2.900 


-2.514 




-250.0 


-16.95 


-5.643 


-3.307 


-2.808 


9 ' 5 


161.3 


-3"2,05 


-7.057 


-3.697 


-3.051* 


? 7^ 




769.2 


-9.588 


-4.H5 


-3.256 








-17.33 


-4.649 


-3.435 


u « u U 






90.00 


-5.534 


-3.593 










-8.000 


-3.738 


3-75 








44.25 


-3.873 


3.9 










-3.951 


3.95 










-3.968 


4.0 










-4.000 




Values of E at 


0.1 


400.0 


129.9 


75.19 


57.80 


53.48 


.2 


217.4 


€9.44 


40.82 


31.45 


29.07 


.3 


153.8 


50.25 


29.33 


22.73 


21.01 


.4 


122.0 


39. 68 


23.58 


18.31 


16.95 


.S 


102,0 


33.67 


20.08 


15.53 


14.51 


.6 


89.29 


29.69 


17.76 


13.87 


12.87 


.7 


80.00 


26.67 


16.10 


12.61 


11.71 


.8 


72.99 


24.51 


14.84 


11.65 


10.83 


.9 


67 . 57 


22.78 


13.85 


10.92 


10.15 


1.0 


62.89 


21.41 


13.09 


10.32 


9.615 


1.25 


54t 94 


18.90 


Ilk 67 


9.251 


8.643 


1.5 


49.26 


17.21 


10 . 71 . 


8.540 


7.962 


1.75 


45.45 


16.03 


10.03 


8.026 


7.508 


2.0 


42.02 


15.01 


9.488 


7.622 


7.143' 
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2.4, 



.3 and 



.7 



2.0 
1.6 
1.2 
.8 
.4 



.5 



.4 



anc. .6 



-.2 and .8 



4 



.2 md 



.1 and 



.9 



.1 imd 



.ft / 



.3 and 



-.4 
-.8 
-1.2 

-1.6 
-2.0 

-2.4 



.1 said 



.9 



.2 and 



.8 

— *- 




.3 and 



J, 



.4 
9 



and 



.6 



.5 



.4 .8 1.2 1.6 2. 



0 2.4 2.8 3.2 3.6 4.0 



Figure 17.- Plot of £ c and £ 0 against a. 
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a 

Figure 18.- Plot of St agalnBt a. 
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